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Abstract 
For an n-dimensional simplex in E”, we establish a sine theorem and some inequal- 
ities for k-order vertex angles which are defined in this paper. To prove these results. 
we give a formula about the inverse matrix of the metric matrix of an n-parallelo- 
tope. 0 1998 Elsevier Science Inc. All rights reserved. 
Ke~~orrl.s: Generalized sine theorem; Simplex: Inequality 
1. Introduction 
Let C2 be an n-dimensional simplex in n-dimensional Euclidean space E” with 
vertices &>A,, . . :&(i.e., Q = (Ao,AI: ,A,,)) with volume V, and let 
n, = (A@. ,A,-,?A,+,, , A,,) be its (TI - 1)-dimensional face whose volume 
(or (n - I)-dimensional content) is Si(i = 0, 1,. , n)% ‘pi, the internal dihedral 
angle between 52, and Q,. 
Bartos in [I] gave the definition of the vertex angle of an n-dimensional sim- 
plex as in Definition 1. 
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Definition 1. Let ei be the unit outer normal vector of (n - I)-dimensional face 
Sz; ofO,i=O,l, . . . . n. Let 
Di = det (eo, . . . , ei_l, e;+l, . , e,) 
Then vi = arcsin 1 Di 1 is called the vertex angle at vertex Ai of n. 
BartoS established the following sine theorem based on his definition. 
Theorem 1. 
(1.1) 
The above sine theorem was reapproached several times (e.g., in [l&4]) in dif- 
ferent forms and different proofs. Quite recently, it played an important role in 
the investigation of geometric inequalities (see [4,5]). 
In this paper, we will generalize the Sine Theorem 1. First, we have the def- 
inition of k-order vertex angle for n-dimensional simplex. 
Definition 2. Suppose that {eo, el, . . . , e,} is the set of the unit outer normal 
vectors of (n - 1)-dimensional faces of n. Let ei, , ei2, . , ei, (0 < il < i2 
< < ik < n) be k vectors among this set. Let 
Di, ,i2,...,ik = det((ei3,ei,))kxk, kir E {il,i2,...,ik). 
Then we call ~~i~.~~,....~~l = arcsin D~,~f2,,,,,Li the k-order vertex angle at vertex set 
{/&,,A,, ,...) A&} of Q. 
It is easy to see that the vertex angle cpi of BartoS’s definition is equivalent to 
the n-order vertex angle f$,. ..i-l,i+l....,n~ of our definition, while the dihedral angle 
‘pii is equivalent to the 2-order vertex angle 0li,jj. 
Now, we need other notations. Let I = (0, 1, . . . , n}, CI = {il, i2, . . . , ik, 
O<i, <i2<“.<ik<t?}, CI’=I--={(jo,j,,...,j,_k,O~jo<j, <“‘<jn-k 
< n} and let VboJ,. ..J+lj denote the volume of the (H - k)-dimensional simplex 
@,,A,, , . . ,Ajnmk). BY convention, let Vb] = 10’ E I), FO ,..., i-].,+I ,.... nl = S. 
One of our main results is the following theorem. 
Theorem 2 (The generalized sine theorem). 
Sj,Sj, . . . S, sin OL~,.~, ,..., c~ _ (n - k)!(nV)k-l 
v,“,, ..I in Al (n-l)! 
(1.2) 
Obviously, we can infer Theorem 1 by taking k = n in Theorem 2. By 
putting k = 2 in Theorem 2, we can obtain the following useful corollary 
(see Fi71). 
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Corollary 1 (The sine theorem for dihedral angles). 
SiSj sin vi, nV 
=-. 
~I-M n-l 
The other aim of this paper is to establish some inequalities for the k-order 
vertex angles of an n-dimensional simplex. 
Theorem 3. Let ~~~~~~~~~~~~~~~ be the k-order vertex angle at the vertex set {A,, . 
Ail, . . . A,, } of Sz, and let mo, ml. , m, be n + 1 real positive constants. Then 
and the equality occurs if and only if all the following equalities hold 
CJm, 
cos 'Plj O<l<n. O<i<n. O<.j<n -= n( cm cp,j + cos cp,,cos cp,,) [ 1 # i. 1 fj. i # .i 1 (*I 
In particular, the equality holds when Q is reguhr and rno = ml = = m,. 
From Theorem 3, we can easily derive the following interesting inequalities 
for the n-dimensional simplex. 
Corollary 2. 
C (m,mj) sin2 qij < q emi ‘, 
O<l</<n ( J i=o 
and equality occurs if and only if (*) hold. 
Corollary 3 ([5,7]). 
and equality occurs if and only if (* ) hold. 
Corollary 4. 
( > 
k 
c n! sin2 B[il,i2,....it] < k!Cn _ kj! 1,; . 
O<l,ii><.. <ik <n 
(1.4) 
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Corollary 5. 
c sin2cp,< (n2-lI)(n+l) II ’ 
O<i<j<n 2n 
Corollary 6 ([S]). 
2 sin2 cpi< 1 +A ‘j. 
i=O ( > 
(1.5) 
(1.6) 
Equalities in Eqs. (1.4)-( 1.6) hold if and only if Q is regular. 
This paper, except for the introduction, is divided into three sections. In Sec- 
tion 2 we will prove a formula for the inverse matrix of the metric matrix of an 
n-dimensional parallelotope. This formula is used in Section 3 to prove Theo- 
rem 2. We will give the proof of Theorem 3 in Section 4. 
2. A formula for the metric matrix of parallelotope 
Let =n be an n-dimensional parallelotope in E” with vertices Ao, AI , . . . , 
A*“-,. Let @,, DrJ,, . . . . cf?, be its (H - 1)-dimensional faces which contain 
vertex Ao, and ‘p,, (1 < i < j 6 n) the internal dihedral angle between o!!, and 
c$‘!,. Let x, = A$; (i = 1% 2,. . , n) be the edge vectors of an, and 
Mii (1 < i < j < n) the angle between xi and xj, yI the orthogonal component 
of the vector x, corresponding to Of!,> namely, xi = y, + zig where 
zj E E7;:, ) y; I o;;‘l, . 
Suppose that el, ez.. . . , e, are the unit normal vectors of 
fl;,“,,Dp ,,... $I?,, respectively. Since er , e2, . , e, are linearly independent, 
the Gram matrix ((Q, ej)),,,l of these n vectors is a positive definite symmetric 
matrix, where (ei% ej) denotes the scalar product of e, and ej. 
Noting that 
we have 
! 1 ((eI,ei)),7,, = pcos ‘pLj 
and call P the metric matrix of Do. 
n P, = 
1 
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Theorem 4. 
1 
-9 -1 
1 -cos Cpjj 
= (gigi cos aij)nx,, ' QT (2.1) 
-cos 'pij 1 - nxn 
where g, = //xill/ll~ill~ 
Proof. Noting that: 
(x,,y,) = 0 for i #j, 
(GVJ = f_LYJ = llY1112: 
we have 
( 1 
T - - ll;;l, 3 ll;,l ). . . & nxn(elA’. . r4nx, 
( 
T - - 
llh~ll~~~~~ll~ll nxn llxi~...‘l:i:ll nxn 
ICC >I 
-3 ( -1 
&:& nXn = zmn, 
where I,,,, is n x n unit matrix. 
By the equality (2.2), we have 
Transposing the two sides of (2.3), we get 
Multiplying (2.3) and (2.4), we obtain 
-I = [(elre2,...,en)T(elre2,...~e~)l . 
Hence, we have 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(( &!&>>.,., =((ei,ei))iin, 
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that is 
Noting that 
(2.7) 
and substituting Eq. (2.7) into Eq. (2.6), we obtain equality (2.1). 0 
We point out that Theorem 4 can be proved by using the methods of Fiedler 
(see [91X 
3. The proof of the generalized sine theorem 
We keep the notations of the previous two sections. To prove Theorem 2, we 
need Theorem 4 and Lemma 1. 
Lemma 1. Let Ye,,, ,..., a,~ denote the volume of the m-dimensional simplex spa%ned 
by the vertex set {A,,,A,,, . . . ,A,,}, Xi E I,m <n, and let x,~ = A,,A,, 
i= 1,2 , . , m, B,, (1 6 s < r < m) the angle between x,~ and x,~. Then 
&,q,....a,] = f~lIX~,Il [det(cos BsrLml”2. 
’ r=l 
Proof. Let V(aeat . . . a,) denote the volume of the parallelotope spanned by m 
edge vectors x,, , xa2,. . . ,x,, , G(ccocq . . . a,) the Gram determinant of these m 
vectors. According to the well-known fact 
&,a, ,...> %I = m. + V(ct()a* . . . a,), y~q...a,) = G&I4 . . . &n) 
and noting that 
G(ccOctl . . .4 = d4xxs~4Lxm = d4IMI . Il-dl ~0s BJ,,, 
*Wcos BJ,,,. 
We obtain the desired equality. 0 
Denote by A[cz, LX] the principal submatrix of the matrix A having row indices 
LX and column indices CC, by A(c.4, a’] the principal submatrix obtained from A by 
deleting rows indexed a and columns indexed CI. 
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The proof of Theorem 2. For theJertex set z = {Ao, Al >. . .A,,} of an 
n-dimensional simplex 52, let xi = AOAi; i = 1,2, ~ n. Denote by D,~ the 
n-dimensional parallelotope spanned by n edge-vectors XI, x2,. . .x,, by P the 
metric matrix of on. 
Without loss of generality, we assume that the vertex set {Ai,, Ai>, . A,, } 
does not contain Ao. According to the definition of the k-order vertex angle. 
we have 
sin’ (I[,, !?. ,lil = P[a, xl, (3.1) 
where u = (i,.iz,. . ,ik}. 
Applying Theorem 4 and the Jacobian identity (see [lo]), we get 
P[qa] = g$. 
From Eqs. (3.1) and (3.2), we obtain 
Applying Lemma 1, we have 
L _I 
where j, = 0 and fi,, is the angle between x,~ and Xj,. 
Again from Lemma 1, we have 
det Q = det (gigi cos Xrj)nxn = rI:=, llXil12 
rI:=, llYil12 
det (cm q),xn 
=I ! I 
2 
ri,‘;i,ll . 
(3.2) 
(3.3) 
(3.4) 
(35) 
Substituting Eqs. (3.4) and (3.5) into Eq. (3.3) and taking the square root, we 
arrive at 
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sin $1 ,i2,...,ik] = n!V 
Using the well-known result llyill = nV/Si to Eq. (3.6) we have 
(3.6) 
(n - k)! J&,,...j”_k] sin e[il,il,..., it] = nrv s, s, . . s ’ (nVlk. I, 1* ’ . . Ik 
Rearranging the above equality, we obtain the equality (1.2). 
4. The proof of Theorem 3 
Let A be the metric matrix of Sz, that is 
1 -cos ‘p,_ 
1 
A = Gram( (ei, ej))yJ=o = 
-cos qij 1 - (n+l)x(n+l) 
Then A is a positive semidefinite symmetric matrix of rank n (see [S]). 
Let 
I 
m0 -ppij cos qij 
w 
c= 
-pip$ cos ‘pij m, - (n+l)x(n+l) 
Since the matrix C has the form DAD where D is diagonal with diagonal entries 
Jmi, C is a positive semidefinite symmetric matrix. It is easy to see that the 
rank of C is n. So one of eigenvalues of C is zero, and the remaining n eigen- 
values are positive. Without loss of generality, we assume that Lo, 11, . . . , An-1 
are positive eigenvalues of C, and 2, is a zero eigenvalue of C. 
Denote by &(C) the sum of all the k x k principal minors of C, and 
&(/lo, Jr, . . ,A,) the kth elementary symmetric polynomial of the eigenvalues 
Lo, %i , . . , A,. According to the fairly well-known fact 
(see [l 11, (1.2,10),(1.2,11)) and Maclaurin’s inequality (see [12], P104) and 
noting 1, = 0, we have 
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Rearranging it, the desired inequality is proved. 0 
It is clear that equality in Eq. (1.3) holds if and only if 
lo = J.1 = = A,_, = ttr C = icmi. 
I=0 
(4.1) 
Let 
where Z,,+, is (n + 1) x (fi + 1) unit matrix. 
Then Eq. (4.1) is equivalent to saying that the matrix B have an non-zero 
eigenvalue (1 /n) C:=, mi and n zero eigenvalues, namely, the rank of B is 1, this 
also is equivalent to saying that n + 1 row vectors of B are collinear. Equiva- 
lently, 
Rearranging this, we obtain (*). 
In particurlar, when mo=rnl =...=m, and s2 is regular, noting 
cos qI, = (l/n)(i # j), (*) hold obviously, so equality in Eq. (1.3) occurs. 0 
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Additional comment: Let Q = (Ao, Al, . . , A,) be an n-dimensional simplex in 
E”. Then its Cayley-Menger determinant is 
ro 1 1 ... ‘1 
1 
D = det 1 
_I 
(i,j = 0, 1,2,. . . , n) (pij = IA,Ai12). 
Pij 1 
It is easy to prove the following cosine theorem by using Theorem 4 and the 
method in the proof of Theorem 2. 
Theorem 5 (The cosine theorem [13]). 
where D, is the algebraic cofactor of D corresponding to element pij. 
Therefore, Theorem 4 is a common origin of the sine theorem and cosine 
theorem. 
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